Abstract. We review correlation inequalities of truncated functions for the classical and quantum XY models. A consequence is that the critical temperature of the XY model is necessarily smaller than that of the Ising model, in both the classical and quantum cases. We also discuss an explicit lower bound on the critical temperature of the quantum XY model.
Setting and results
The goal of this survey is to recall some results of old that have been rather neglected in recent years. We restrict ourselves to the cases of classical and quantum XY models. Correlation inequalities are an invaluable tool that allows to obtain the monotonicity of spontaneous magnetisation, the existence of infinite volume limits, and comparisons between the critical temperatures of various models. Many correlation inequalities have been established for the planar rotor (or classical XY) model, with interesting applications and consequences in the study of the phase diagram and the Gibbs states [4, 16, 19, 20, 17, 18, 8] . Some of these inequalities can also be proved for its quantum counterpart [10, 25, 22, 2] .
Let Λ be a finite set of sites. The classical XY model (or planar rotor model) is a model for interacting spins on such a lattice. The configuration space of the system is defined as Ω Λ = {{σ x } x∈Λ : σ x ∈ S 1 ∀x ∈ Λ}: each site hosts a unimodular vector lying on a unit circle. It is convenient to represent the spins by means of angles, namely
with φ x ∈ [0, 2π]. The energy of a configuration σ ∈ Ω Λ with angles φ = {φ x } x∈Λ is
with J i A ∈ R for all A ⊂ Λ. The expectation value at inverse temperature β of a functional f on the configuration space is 
where Z . We now define the quantum XY model. We restrict ourselves to the spin- 
The hamiltonian describing the interaction is
with
A } A⊂Λ are nonnegative coupling constants. The Gibbs state at inverse temperature β is
with Z Classical :
In the quantum case, similar inequalities hold for Schwinger functions, see [2] for details. The proofs are given in Sections 3, 4 respectively. These inequalities are known as Ginibre inequalities -first introduced by Griffiths for the Ising model [12] and systematised in a seminal work by Ginibre [11] , which provides a general framework for inequalities of this form. Ginibre inequalities for the classical XY model have then been established with different techniques [11, 16, 19, 17, 20] . The equivalent result for the quantum case has been proved with different approaches [10, 25, 22, 2] . An extension to the ground state of quantum systems with spin 1 was proposed in [2] . A straightforward corollary of this theorem is monotonicity with respect to coupling constants, as we see now. 
Interestingly this result appears to be not trivially true for the quantum Heisenberg ferromagnet. Indeed a toy version of the fully SU(2) invariant model has been provided explicitly, for which this result does not hold (nearest neighbours interaction on a three-sites chain with open boundary conditions) [14] . The question whether this result might still be established in a proper setting is still open. On the other hand, Ginibre inequalities have been proved for the classical Heisenberg ferromagnet [16, 4, 20] .
Monotonicity of correlations with respect to temperature does not follow straightforwardly from the corollary. This can nonetheless be proved for the classical XY model. Let us restrict to the two-body case and assume that H Then if |η xy | ≤ 1 for all x, y, ∂ ∂J xy z∈A σ
This result has been proposed and discussed in various works [11, 20, 18 ] -see Section 3 for the details. Unfortunately we lack a quantum equivalent of these statements.
We conclude this section by remarking that correlation inequalities in the quantum case can be applied also to other models of interest. For example, we consider a certain formulation of Kitaev's model (see [15] for its original formulation and [1] for a review of the topic). Let Λ ⊂⊂ Z 2 be a square lattice with edges E Λ . Each edge of the lattice hosts a spin, i.e. the hilbert space of this model is
where F denotes the faces of the lattice, i.e the unit squares which are the building blocks of Z 2 , J x , J F are ferromagnetic coupling constants and
has the same structure as hamiltonian (6) so Ginibre inequalities apply as well. It is not clear, though, whether this might lead to useful results for the study of this specific model. Another relevant model is the plaquette orbital model that was studied in [28, 3] ; interactions between neighbours x, y are of the form −S i x S i y , with i being equal to 1 or 3 depending on the edge.
Comparison between Ising and XY models
We now compare the correlations of the Ising and XY models and their respective critical temperatures. The configuration space of the Ising model is Ω
Λ , that is, Ising configurations are given by {s x } x∈Λ with s x = ±1 for each x ∈ Λ. We consider many-body interactions, so the energy of a configuration
we assume that the system is "ferromagnetic", i.e. the coupling constants J A ≥ 0 are nonnegative. The Gibbs state at inverse temperature β is
with f any functional on Ω [17] and the quantum case [25, 21] .
Quantum:
A . A review of the proof of the classical case is proposed in Section 3. In the quantum case, this statement for spin-1 2 is a straightforward consequence of Corollary 1.2, but interestingly this result has been extended to any value of the spin [21] . We review the proof of this general case in Section 4.
We now consider the case of spin-1 2 and pair interactions, that is, the hamiltonian is
We define the spontaneous magnetisation m(β) at inverse temperature β by
We define the critical temperature for the model T 
where β The critical temperature of the Ising model in the three-dimensional cubic lattice has been calculated numerically and is T Ising c = 4.511 ± 0.001 [23] . It is T cl c = 2.202 ± 0.001 [13] for the classical model and T qu c = 1.008 ± 0.001 for the quantum model [29] . A major result of mathematical physics is the rigorous proof of the occurrence of longrange order in the classical and quantum XY models, in dimensions three and higher, and if the temperature is low enough [9, 5] . The method can be used to provide a rigorous lower bound on critical temperatures; the following theorem concerns the quantum model. 
Proof of Theorem 2.3. We consider the XY model with spins in the 1-3 directions for convenience. We make use of the result [26, Theorem 5.1] , that was obtained with the method of reflection positivity and infrared bounds [9, 5] . Precisely, we use Equations (5.54), (5.57) and (5.63) of [26] .
where e 1 is a nearest neighbour of the origin, and J 3 , I 3 , K 3 , K β . At least one of these holds true when r + < t, that is, when
This is the case for 1/β < 0.323 giving the upper bound T c ≥ 0.323.
Proofs for the classical XY model
The proofs require several steps and additional lemmas. The following paragraphs are devoted to a complete study of their proofs. Given local variables {σ x } x∈Λ , we denote σ 3.1. Griffiths and FKG inequalities, and proof of Theorem 1.1. We start with Theorem 1.1. We describe the approach proposed in [16, 17] , and use a similar notation. Their framework relies on some well known properties of the Ising model and on the so called FKG inequality. We do not provide the proof of this result -see [12, 11] 
Another result which is very useful in this framework is the so called FKG inequality. We formulate it in a specific setting. Let I N = 0, 
The following result holds.
where (ψ ∨ ξ) i = max(ψ i , ξ i ) and (ψ ∧ ξ) i = min(ψ i , ξ i ). Then for any f and g increasing (or decreasing) functions on I N f gdν ≥ f dν gdν.
The inequality changes sign if one of the functions is increasing and the other is decreasing.
We also skip the proof of this statement. We refer to [7] for the original result, to [24, 17] for the formulation above, and [6] for its relevance in the study of the Ising model.
Before turning to the actual proof of the theorem, we introduce another useful lemma.
Lemma 3.4. Let {q x } x∈Λ be a collection of positive increasing (decreasing) functions on 0, π 2 . Then for any θ, ψ ∈ I |Λ| and any A ⊂ Λ,
We do not provide the proof here, see [24, 17] for more details. We can now discuss the proof of Theorem 1.1.
Proof of Theorem 1.1. Since the temperature does not play any rôle in this section, we set β = 1 in the following and we drop any dependency on it. The main idea of the proof is to describe a classical XY spin as a pair of Ising spins and an angular variable. The new notation for σ x ∈ S 1 is
with U x , V x ∈ {−1, 1} for all x ∈ Λ and θ = (θ x1 , . . . , θ xΛ ) ∈ I |Λ| . With this notation, it is possible to express H cl Λ of Eq. (3) as the sum of two Ising hamiltonians with spins {U x } x∈Λ , {V x } x∈Λ respectively:
Let us introduce the notation:
The inequality above follows from Lemma 3.1. Moreover
cos(θ) X and sin(θ) X are respectively decreasing and increasing on I |Λ| for any X ⊂ Λ. Let us now consider U X 
The last step missing is to show that p(θ) defined as above fulfills hypothesis (18) 
Since the arguments to prove these inequalities are very similar, we prove explicitly only the first one. Eq. (24) 
Hence p(θ) has the required property.
3.2. Proof of Theorem 1.3. Let us now turn to Theorem 1.3. We follow the framework described in [11, 20] . 
where, given
Proof of Lemma 3.5. The statement follows from the two following identities:
A necessary step for this lemma and for Theorem 1.3 is duplication of variables [11] : we consider two sets of angles (i.e. spins) on the lattice instead of just one, and denote them by {φ x } x∈Λ and {φ x } x∈Λ . The hamiltonian for the {φ x } is
Here, {σ x } are related to {φ x } as in Eq.s (1) and (2). TheJ 
In the following we always suppose
The expectation value of any functional f (φ,φ) can be written as
Lemma 3.6. Suppose f (φ,φ) belongs to the cone generated by cos(M · φ) ± cos(M ·φ), M ∈ Z Λ , i.e. f can be written as product, sum or multiplication by a positive scalar of objects of that form. Then
Proof of Lemma 3.6. Firstly, notice that
for any M 1 , . . . , M n ∈ Z Λ and any sequence of (±). This follows from
with F (Φ) an appropriate product of sines, cosines and positive constants. Let us now turn to f Ĥ Λ ,β . Since the partition function is always positive, we can focus on
By a Taylor expansion of e −βĤΛ(φ,φ) and by the properties of f , this can be expressed as a sum with positive coefficients of integrals in the form (35). Hence the nonnegativity of the expectation value.
We have now all we need to prove Theorem 1.3. 
Consider now the hamiltonianĤ Λ introduced above and · Ĥ Λ ,β the corresponding Gibbs state. From Lemma 3.6 we have
If we take the limitK M ր K M , we find twice the expression in Eq. (40). Hence the result. Let us now turn to the second statement of the theorem. In the case of two-body interaction H cl Λ assumes the form (8) , which, with a notation resembling the one introduced in Lemma 3.5 can be explicitly formulated as
Cleary K ± xy is analogous to the K M introduced in Lemma 3.5 for M ∈ Z Λ such that all its elements are zero except m x = 1, m y = ±1. Then we have
Due to Eq. (40) the expression above is the sum of two positive terms, hence it is positive.
3.3. Proof of Theorem 2.1. In this section we discuss the proof of Theorem 2.1 for the classical XY model. We use some of the concepts introduced in Section 3.2. The present proof has ben proposed in [16, 17] .
Proof of Theorem 2.1. As for the proof of Theorem 1.1, we express the XY spins by means of two Ising spins and an angle in 0, π 2 -see Eq.s (19) , (20) for the explicit expression of the spins and (22) for the new formulation of the hamiltonian H cl Λ . With the same notation:
Proofs for the quantum XY model
We now discuss the proof of Theorem 1.1 in the quantum case. This theorem has been proved for pair interaction in [10] , and it has been proposed independently in various works for more generic interactions [25, 22, 2] . We describe here the simpler approach proposed in [2] . Since the temperature does not play any role from now on, we set β = 1 and omit any dependency on it in the following. As for the classical case we introduce the notation S Proof of Theorem 1.1. For the proof it is convenient to perform a unitary transformation on the hamiltonian (6) and consider its version with interactions along the first and third directions of spin, namely
A for all A ⊂ Λ. The proof of this theorem uses some techniques similar to the ones introduced for the classical Theorem 1.3. These were indeed introduced by Ginibre [11] in a general framework. As for the classical case, it is convenient to duplicate the model. We introduce a new doubled Hilbert spaceH Λ = H Λ ⊗ H Λ . Given an operator O acting on H Λ we define two operators acting onH Λ ,
The hamiltonian we consider for the doubled system is H qu Λ,+ :
The Gibbs state is denoted as
for any operator O acting onH Λ . It follows from some straightforward algebra that
for any O, P operators on H Λ . Just as C 2 constitutes the "building block" for H Λ , so C 2 ⊗ C 2 is toH Λ . We can provide an explicit basis of C 2 ⊗ C 2 such that S 
Above by |+ and |− we denote the basis of C 2 formed by eigenvectors of S 3 with eigenvalues Let us now turn to Theorem 2.1. While in the classical case it is necessary to introduce an artificial framework, interestingly the proof for the quantum case does not require such a construction. For spin-1 2 the statement can be easily recovered by recalling that the classical Ising model can be recovered as a particular case of the quantum XY model (not of the classical one!). We review here a more general proof valid for any S [21] .
